Example 1:

3nr(neg) _ _
Prove that FON 258...3n—-1)

Ans:  Weknow that I'(n + 1) = nl'(n)

r(n+3)=(-3)r{-3)

-(-De-9(-3-2336)

Gn-1GBn—-4)(3Bn—-7)....852 T (%)
— -

377 (n+2)
Therefore, - =2.58...3n—-1).

r(3)

Other forms of Gamma function:

Gamma function can be expressed in different forms as follow,
1) = [ e ynlay

Proof: we know that I'(n) = fooo e ¥ x" ldx, forn>0

r (n)

Substituting x by ky so that dx = kdy
Then, I'(n) = fooo e~ky (ky)n—lk dy = k" fooo e~ ky yn—l dy

Therefore, —2 f e kyyn=ldy,
r(n/2) _ (® _k2x2, n-1

2) - = fo e x™1dx

Proof: we know that I'(n) = fooo e * x" 1dx, forn>0
. _12.2 _ _dy

Putting y = k“x or,X = ==50 that dx = T

n-1 . n—
Then, f —kPx% yn=1 gy —f e y(f) zz_y\/y:z/%nfo e‘nyly‘idy

- r(n/2)
=gy YT dy =g ey ay = T2

rm/z) _ r® —k2x2 n-1
=1 e x™1dx

Therefore,
n—1

3) I'(n) = fo (log ;) dy

Proof: we know that I'(n) = fooo e x" 1dx, forn>0
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Substitutinge™ =y or,—x =logy or,x = log%

And —eXdx=dy or,dx=—-——=-——

®© _—x ,n-1 n-1 1
Then, I'(n) = [, e ™ x" tdx = — [, (log—) y ;dy

F(m) f [log( )] x"‘1 dx

Proof: Putting log G) =y or,x=e Y anddx=-—eYdy we get

1
j lOg n—l dx = — j(e—y)n—l m-—1 e Y dy
0 o'

:fe—nyym—l dy
0

Again,put ny =t or,y = % and dy = %dt

mll

©o _ _ co _ t
foenyymldy=f0et(n) ~dt

1 [ee]
— —t ym-1
_Tl_m e " tMdt
0
_ ram
nm
5) WF(CL-FI)_f —d
. PR X — oY — _ Y -1
Proof: Substituting a* = e¥ or,x(loga) =y or,x = ogn and dx = logady we
Oox_a oy a -y 1
get fO axdx o fO (loga) € logady

1 co
=—(loga)a+1 J, e ytdy

= ra+1)

( )ll+1
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Beta function (Euler’s integral of 1% kind):

The Beta function having two indices m, n written by §(m, n) is defined as
p(m,n) = fol AL (I ) Lol e — (1)

Which is valid for real positive values of m and n (i.e. m > 0,n > 0), because it is for just
these values of m and n the integral is convergent. We shall not however prove the statement.

This integral is also called the Euler’s integral of the first kind. From this definition it
immediately follows that, form =n =1

p(1,1) = fol x17T (1 —x)ttdx = f01 dx =1
Which is rather an important result.
An important property of Beta function is its symmetry. It can be easily seen that
B(m,n) = B(n,m) i.e. Beta function is symmetric with respect to m and n.

Substituting x = 1 — y and dx = —dy in equation (1) we get
1 0

Bmn) = [ x™ (A -x)"tdx =— [(1—y)" ty*tdy
/ J

= [Jy" @ - y)™dy = B(n,m)

B(m,n) = B(n,m)

Other forms of Beta function:

Beta function can be expressed in different forms as follow,

m-—1

D Bmn) =[] T dy &)

Proof: we know that B(m,n) = fol x™ (1 —x)" tdx

1 -y
Ty dy and1—x = ey

Putting x = — , so that dx = —
1+y

We get B(m,n) = fo(: (ﬁ)m_l (g—y)n_l [— (1+1y)2] dy = Ooo$d}’

Using symmetry property of Beta function, we can write

m-—1

© y
Bim,n) = [, Ty &Y
_ mpn (®_x™Y L
2) ﬁ(m; n) =a b fo (ax+b)m+n dx (3)
Proof: similar as previous one (Try this)
1xM14xn—1
3) Bmn) = [ s dx - (4)
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Proof: From equation (2) we have  B(m,n) = f o

(1+x)m+n
xm-1 o xm-1
xm- 1
Consider the second integral |~ | e
Putting x = %and dx = — %dy we get
m 1 m 1
0 1 1 _ 1 dy
j (1+ x)m+n j m+ny_ j 1 m+n
1 _ 0 _ (y + 1)m+n

_ f y dy
- 1 + y)mtn
) 1+y)

= | ———dx
j 1 + m+n
J 0+

m-1 1 xn—l

xm 1 foe) 1 xm—l
ﬁ(m n) fo W X+ fl (1+x)m+n dx = f() (1+x)m+n dx + f() (1+x)m+n dx

m-1 n-1
Therefore, B(m,n) = fol _x(l +x;:+n

4) B(m,n) =2 [1"*sin?™10 cos?™10 df

Proof: we know that B(m,n) = fol x™ (1 —x)" tdx

Substituting x = sin®# so that dx = 2sinf cosf df we get
B(m,n) = [2(sin*6)™" (cos*6)""'2sin 6 cos 6 d

p(m,n) = 2fn/2 n?™-19 cos®* 16 do

Relation between 8 and I’ function:

We know that I'(m) = fooo e X xm 1dx

And

Multiplying both sides of the above equation by e

r(m)
km

F(m) = fooo kMe—kx,ym=1 4,

o -— —
= [, e7x™ tdx

“kEn=1 we get

F(m)e_kkn_l — f km+n—1e—k(1+x)xm—1 dx
0
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Integrating both sides with respect to £ we have

Oor(m)e—kkn—l dk = o e—k(1+x) kmin-1,m-1 4y Jk
0 0 J0

I’(m)j e—kkn—l dk = f xm—l dxf e—k(1+x) km+n—1 dk
0

‘ r(m+n)
— -1
F(m)F(n) = j x™ tdx W
0
r(m)r(n) o xMm-1 _
r(m+n) fO (1+x)m+n dx = ﬁ(m Tl)
__ rmyr(n)

Example 2

1) (¥
Show that fO”/ZSian cosi60 de = F( 2 ) ( 2 )

2r(p+;1+2)
Ans: we know that B(m,n) = fol x™H (1 —x)" dx

Substituting x = sin®# so that dx = 2sinf cosf df we get
B(m,n) = [2(sin*6)™" (cos?6)""'2sin 6 cos 6 d
p(m,n) = 2fn/2 n?*m-19 cos?™"10 do

rmrn) _ an/z sin®™~19 cos?™"19 do

r(m+n) 0
Putting 2Zm — 1 = p, i.e.m=pT+1 and 2n—1 =g, i,e.n=q—+1
% = fon/z sin?8 cos?6 do
Example 3
Show that  [/*veotd do =21 (3)r (3)
In previous example we obtain, ) On/ ? $inPB cos160 df = %
2

1
r<_5+1>r<5+1> o
[*Jeotd do = [/ sin"20 cosz0 df = ~——r—t = O _1p Gre)

2F<‘E+E+2> T o2r(v) 2" \a 4

2

(since I'(1) =1)
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